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Abstract—Reliable safety evaluation is essential for the devel-
opment and large-scale deployment of autonomous vehicles
(AVs). However, the complexity of high-dimensional traffic envi-
ronments and the rarity of safety-critical events make direct
testing extremely inefficient and costly, requiring an enormous
number of simulation miles. Importance sampling has been
employed to accelerate this process, but most existing methods
rely on known or explicit traffic behavior distributions, which
are often inaccessible in practice. To address this limitation, we
propose Deep-IIS, which extends implicit importance sampling
by utilizing rejection sampling to handle unknown distributions
without requiring explicit density functions. By integrating dense
deep reinforcement learning to adaptively optimize key sam-
pling parameters, Deep-IIS intelligently concentrates sampling
on high-risk regions, significantly improving testing efficiency
while maintaining evaluation reliability. We validate the proposed
method in two representative traffic scenarios, demonstrating its
superior ability to uncover safety-critical cases and to produce
accurate performance estimates under implicit distributions.

Index Terms—Autonomous vehicles, importance sampling,
dense reinforcement learning.

I. INTRODUCTION

AUTONOMOUS vehicles (AVs) are envisioned to play
a central role in the future of transportation, offering

benefits such as enhanced safety, improved traffic flow, and
reduced human error. However, validating the safety and
reliability of AV systems remains a significant challenge. This
difficulty stems from the high dimensionality, complexity, and
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stochastic nature of real-world driving environments, where
traffic behavior arises from numerous uncertain and interacting
factors. These factors contribute not only to the “curse of
dimensionality” [1], but also to the difficulty of explicitly mod-
eling the distribution of driving behaviors. Furthermore, the
closed box nature of AV decision-making models limits their
ability to handle out-of-distribution scenarios that deviate from
their training data [2]. Of particular concern are safety-critical
events [3], which, despite their rarity, have a disproportionately
large impact on system safety and public trust [4], [5].

The most common evaluation frameworks, such as deploy-
ing AVs in naturalistic driving environments (NDEs), rely on
collecting vast amounts of real or simulated driving data [1],
[3], [6], [7], [8], [9]. Although these environments capture real-
istic traffic behaviors, they offer limited exposure to rare but
critical events. AVs must drive billions of miles to encounter
enough such critical scenarios. Reliable evaluation requires
large-scale NDE testing [10], which is usually prohibitively
inefficient.

Many recent researches have been made to improve the
efficiency of AV testing and get unbiased estimates of safety
metrics [1], [11], [12], [13], [14], [15], [16]. It has shown
that importance sampling (IS) methods [17], [18], [19] can
significantly improve testing efficiency by shifting the sam-
pling focus toward rare, safety-relevant cases. By adjusting
the scenario distribution while compensating with importance
weights, IS allows for unbiased estimation with substantially
fewer test runs. These methods can be applied to continu-
ous naturalistic driving environments (NDEs), enabling fair
comparisons between AVs and human drivers under the same
distributional assumptions. Several studies have demonstrated
the effectiveness of IS in traffic safety analysis, including
applications in autonomous vehicle validation [1], [11], [20],
[21], [22], [23]. In particular, intelligent testing environments
[1] leverage IS to construct naturalistic and adversarial driving
environments (NADEs), producing unbiased yet more effi-
cient estimates compared to conventional NDE-based testing.
Further improvements have introduced reinforcement learning
to optimize the proposal distribution, effectively reducing
variance and increasing test coverage [11].

However, one of the key limitations of the IS method is
its reliance on an explicit distribution of the NDE, which is
essential for modeling the proposal distribution and calculating
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the importance weights. For example, some studies use prob-
abilistic modeling methods to represent NDEs, particularly
in simple scenarios [1], [20], [21], [22], [23]. In practice,
however, this distribution can be difficult to obtain in complex
traffic scenarios. To address such challenges, neural networks
are increasingly used to model NDEs [6], [24], [25], [26].
While neural networks can handle the complexity of such
environments, they do not always yield an explicit distribution.
For instance, when a neural network models an NDE, it may
output the mean and variance of traffic samples, allowing for
the explicit calculation of the probability density. However,
when the model combines neural networks with rule-based
systems, the resulting distribution becomes even harder to
define explicitly. Furthermore, when the model is treated as
a closed box, we have no direct access to the underlying
probability density values. In these cases, the distribution
is considered implicit. This means that instead of directly
modeling the probability density function of traffic behaviors,
we only have access to sample outputs generated by NDE,
without a clear functional form or value of the underlying
probability density. When the distribution is implicit, tradi-
tional importance sampling methods become less effective and
more difficult to apply.

Our previous work—implicit importance sampling
(IIS)—attacks this challenge by extending the IS framework
to settings where the underlying probability distribution of
the environment is unknown or implicit [27]. IIS leverages
accept-reject sampling to construct an unnormalized proposal
distribution that biases the sampling towards higher-risk
scenarios. This method allows us to sample effectively even
when the distribution is not explicitly available, making it
suitable for complex NDEs where traditional IS methods
would struggle. However, the performance of IIS heavily
relies on manually tuned parameters—such as K1, which
increases the sampling bias towards high-risk states, and
K2, which controls the magnitude of the estimation bias—to
balance the trade-off between efficiency and accuracy.
The manual tuning process is difficult to achieve optimal
performance. Moreover, these parameters are fixed across all
states, whereas achieving theoretically optimal testing results
often requires adapting them dynamically according to every
sampling state. This lack of adaptivity limits the effectiveness
and reliability of IIS in complex environments.

To overcome these limitations and further enhance sampling
efficiency and accuracy, we propose Deep-IIS, a deep rein-
forcement learning-based extension of IIS. In this framework,
the key parameters of IIS are modelled as a state-dependent
policy network, allowing the proposal distribution to be
dynamically adjusted according to observed traffic states.
The reward function of reinforcement learning is carefully
designed and theoretically analyzed to encourage exploration
of high-risk scenarios, thereby reducing testing variance,
improving sampling efficiency, and mitigating estimation bias.
By learning state-dependent parameters through reinforcement
learning, Deep-IIS eliminates the need for manually tuned,
fixed parameters, enabling more optimal and adaptive test-
ing results. Extensive experiments demonstrate that Deep-IIS
preserves the theoretical advantages of IIS while achieving

superior trade-offs between efficiency and estimation accuracy
compared to baseline IIS methods.

Figure 1 provides a schematic illustration of the relationship
between the proposed Deep-IIS method and preliminary IIS
method.

This paper presents the following contributions:
• We propose Deep-IIS, a deep reinforcement learning-

enhanced extension of implicit importance sampling,
which dynamically adjusts the proposal distribution based
on observed traffic states in driving environments with
implicit traffic behavior distributions.

• We theoretically analyze the reward function, showing
that the proposed design promotes exploration of high-
risk scenarios while controlling estimation variance and
bias.

• We validate the effectiveness of Deep-IIS through exper-
iments on two NDE models, demonstrating improved
efficiency and accuracy over baseline IIS methods.

II. PRELIMINARY WORK

This section consists of four parts. Section II-A introduces
the concept of naturalistic driving environment (NDE) and the
standard crash rate estimation. Section II-B reviews naturalistic
and adversarial driving environment (NADE), which improves
sampling efficiency using importance sampling. Section II-C
introduces our previously proposed IIS method that addresses
the limitation of implicit traffic behavior distributions. Finally,
Section II-D analyzes the estimation bias of IIS and moti-
vates the need for adaptive strategies to adjust the sampling
parameters.

A. Naturalistic Driving Environment (NDE)

A testing scenario is modeled as a Markov Decision Process
(MDP) [28]:

s (0)→ u (0)→ s (1)→ u (1) · · · → u (T − 1)→ s (T ) , (1)

where s ( j) and u ( j) represent the state and action of all
vehicles at time step j, including the autonomous vehicle (AV)
and background vehicles (BVs).

We denote the NDE as x =

(s (0) ,u (0) , s (1) ,u (1) , · · · ,u (T − 1) , s (T )), and its
probability distribution as P(x):

P (x) = P (s (0))
TY

k=0

P (u (k) |s (k)) . (2)

To evaluate the performance of AV under NDE, the crash
rate is defined as

P(A) =
X
x∈X

P(A|x)P(x) = EP [P(A|x)] , (3)

where A represents the accident event that involves AV during
the testing scenarios. For every scenario x ∈ X, the occurrence
of an accident is deterministic. Thus, the conditional proba-
bility P(A|x) can be replaced by the indicator function f (x):

f (x) =

(
1, if event A occurs
0, otherwise

. (4)
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Fig. 1. The illustration of the relationship between deep-IIS and IIS.

For simplicity, we use µ to denote the crash rate, i.e.,
µ = P(A):

µ = EP
�

f (x)
�
. (5)

According to the Crude Monte Carlo (CMC) method [29], the
estimated crash rate can be estimated by

µ̂P =
1
n

nX
i=1

f (xi) , xi ∼ P (x) , (6)

where n is the number of tests, and xi is sampled from
naturalistic distribution P (x).

B. Naturalistic and Adversarial Driving Environment
(NADE)

Due to the low accident rate in NDE, the estimated crash
rate µ is very small, which leads to a large variance of
the estimated result. To address this issue, naturalistic and
adversarial driving environment (NADE) [1] was proposed,
which incorporates importance sampling to estimate crash rate
more efficiently. Specifically, a proposal distribution q (x) is
designed to replace the nominal distribution P(x), so that
high-risk scenarios can be sampled more frequently. Here
the nominal behavior distribution P(u|s) is assumed to be
known and tractable, so that the modified proposal q (x) can
be explicitly constructed.

Similar to the definition of nominal distribution P(x), a
proposal function is designed as:

q (x) = q (s (0))
TY

k=0

q (u (k) |s (k))
�
, (7)

where q (s (0)) = P (s (0)).
The key is to design the distribution q (u (k) |s (k)) to increase

the likelihood of sampling scenarios x that may lead to
accidents. The criticality of action u under the state s is
represented as P(A|u, s). And the criticality of state s is defined
as [30], [31]:

C (s,u) = P (A|u, s) P (u|s) . (8)

If C (s,u) is non-zero, the probability of corresponding
critical action u is increased, namely higher q (u|s).

Under NADE, µ can be estimated more efficiently:

µ̂q =
1
n

nX
i=1

f (xi)
P (xi)
q (xi)

=
1
n

nX
i=1

f (xi) w (xi) , xi ∼ q (x) , (9)

where xi ∼ q (x) means that xi is sampled from distribution
q (x), and w (xi) is the importance weight with sample xi.

While increasing the probability of sampling critical events,
the estimation result of NADE has been demonstrated that is
unbiased:

Eq

 
1
n

nX
i=1

P (A|xi)
P (xi)
q (xi)

!
= Eq

�
P (A|x)

P (x)
q (x)

�
= EP (P (A|x)) . (10)

C. Implicit Importance Sampling (IIS)

While NADE provides a structured way to construct test-
ing environments based on explicitly defined traffic behavior
distributions, it becomes ineffective when such distributions
are unavailable in closed form. In many realistic autonomous
driving scenarios, the distribution P(x) is only implicitly
defined — we can draw samples from it but cannot evaluate
its density function directly. This reflects real-world settings
where agent behaviors are observed through simulation or data
collection, without a tractable analytical model.

To address this challenge, our preliminary work [27]
proposes an implicit importance sampling (IIS) method. It
constructs an unnormalized proposal distribution qu(u|s) to
favor critical driving actions:

q (u|s) =
qu (u|s)R
qu (u|s)du

,

qu (u|s) = K (u, s) P (u|s) , (11)
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where K(u, s) adjusts the sampling weight based on criticality.
The function is defined as:

K (u, s) =

8̂<̂
:

K0 = 1, if C (s) = 0
K1 > 1, if C (s) , 0 and P (A|u, s) > 0
K2 < 1, if C (s) , 0 and P (A|u, s) = 0

. (12)

Here, C(s) denotes the criticality of state s, determined
through trajectory prediction. Specifically, we generate mul-
tiple samples of actions u at a given state s to simulate
possible future outcomes. If any predicted outcome results
in a collision, the state is labeled as critical (C(s) > 0),
and the corresponding action u is also marked as critical
(P(A|u, s) > 0).

As shown in Eq. (12), K1 increases the probability of
sampling critical actions, while K2 decreases the probability of
sampling non-critical actions. This design effectively increase
the testing efficiency for rare but safety-relevant events.

Since qu (u|s) is unnormalized and cannot be directly sam-
pled, we instead apply accept-reject sampling technique [32]
to generate valid samples:

Pacc (u|s) =
qu (u|s)

K1P (u|s)
=

K (u|s)
K1

=

8<:1, if C (s) , 0 and P (A|u, s) > 0
K2

K1
, if C (s) , 0 and P (A|u, s) = 0

. (13)

Accordingly, the crash rate µ can be estimated under IIS
using importance sampling:

µ̂qu =
1
n

nX
i=1

f (xi)
P (xi)
qu (xi)

=
1
n

nX
i=1

f (xi) wu (xi) , xi ∼ qu (x) . (14)

D. Bias Analysis of IIS-Testing

Since the proposal distribution qu(x) is unnormalized, the
estimator µ̂qu in Eq. (14) is generally biased. This bias arises
because the unnormalized importance weights wu(x) = P(x)

qu(x) do
not account for the unknown normalization constant of qu(x).
Let this normalization constant be denoted as c(x), so that the
normalized proposal becomes q(x) =

qu(x)
c(x) .

Accordingly, the true importance weight should be:

w(x) =
P(x)
q(x)

=
P(x)
qu(x)

· c(x) = wu(x) · c(x). (15)

The estimator µ̂qu thus underestimates or overestimates the true
value µ depending on the value of c(x).

To quantify this deviation, we analyze bounds on c(x) based
on the design of qu(x).

Note that at non-critical time steps, we have K(u, s) = 1, and
hence qu(u|s) = P(u|s). In such cases, qu(u|s) is normalized
and the correction coefficient of qu(u|s) is 1. Therefore, the
deviation arises only from the critical time steps. Let Ti,C

denote the set of critical time steps in trajectory xi. Then the
overall correction coefficient can be expressed as a product
over these steps:

c(xi) =
Y

k∈Ti,C

cik, (16)

where cik denotes the correction coefficient at time step k in
trajectory xi.

To obtain bounds on c(xi), we define:

cmin(xi)
def
= (min cik)|Ti,C| ,

cmax(xi)
def
= (max cik)|Ti,C| , (17)

where |Ti,C | denotes the number of critical steps.
Each cik is linearly dependent on a term H1(s(k)), which

reflects the probability mass of critical actions under P(u|s(k)).
Let the minimum and maximum of this term over all encoun-
tered states be:

Hmin
1

def
= min

s(k)
H1 (s(k)) ,

Hmax
1

def
= max

s(k)
H1 (s(k)) . (18)

Then the corresponding bounds for cik are:

min cik = (K1 − 1) · Hmin
1 + K2,

max cik = (K1 − 1) · Hmax
1 + K2. (19)

Here, Hmin
1 and Hmax

1 are estimated empirically by sampling
actions from P(u|s(k)) and evaluating the portion of probability
mass that lies in the critical action region.

With these bounds, we can estimate lower and upper limits
of the crash rate µ̂qu using:

µ̂qu,min
def
=

1
n

nX
i=1

f (x)wu(xi)cmin(xi),

µ̂qu,max
def
=

1
n

nX
i=1

f (x)wu(xi)cmax(xi). (20)

These estimates define confidence bounds for P(A):

P(A) ≥ µ̂qu,min − λ · std(µ̂qu,min),
P(A) ≤ µ̂qu,max + λ · std(µ̂qu,max). (21)

These bounds provide a confidence interval for the estimation
of P(A), where λ determines the confidence level, and std(·)
denotes the standard deviation.

The performance of IIS depends on two parameters, K1
and K2, which control the testing efficiency and estimation
bias. Theoretically, the optimal values of K1 and K2 should
achieve two goals: (i) make the coefficient c(s) equal to 1
to eliminate estimation bias, and (ii) minimize the variance of
the estimator µ̂qu to improve testing efficiency. Achieving these
goals generally requires the parameters to vary across different
states s, since the optimal trade-off between bias and variance
depends on the specific traffic states during sampling. How-
ever, in our preliminary work, these parameters are manually
tuned based on empirical results, and the parameters remain
fixed throughout the testing process once chosen. This prevents
state-dependent adaptation and limits the overall performance
of IIS.

In this paper, we further propose Deep-IIS to adaptively
adjust K1 and K2 during testing, aiming to improve sampling
efficiency while reducing estimation bias.
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III. METHODOLOGY

Building upon our prior work on IIS, we now propose
a dynamic policy-based optimization of the key sampling
parameters, leveraging deep reinforcement learning. This sec-
tion presents the methodology of our proposed approach,
which comprises four main parts. Section III-A introduces
the dense reinforcement learning framework employed to train
the agent in complex, high-dimensional traffic environments.
Sections III-B and III-C detail the parameter optimization
strategy for implicit importance sampling, which focuses on
dynamically adjusting the key parameters K1 and K2 to
improve testing efficiency and reduce estimation bias. This
analysis offers insights into the conditions under which the
proposed method achieves both reliable and efficient evalua-
tion results.

A. Dense Reinforcement Learning

We adopt a reinforcement learning (RL) framework to
adaptively optimize the sampling parameters (K1,K2) in the
implicit importance sampling (IIS) framework. The entire
testing process is modeled as a Markov Decision Process
(MDP), defined by the tuple (S,A,R, T , ρ, γ), where S and
A represent the state and action spaces, T is the transition
probability, ρ is the initial state distribution, and γ ∈ [0, 1) is
the discount factor.

The sampling parameters (K1,K2) are treated as the actions
of an agent, whose behavior is determined by a policy function
πθ, parameterized by θ:

a = π (s|θ) ,∀s ∈ S, (K1,K2) = a ∈ A. (22)

Here, s denotes the current state of the testing scenario, and
a denotes the action taken by the agent, corresponding to the
value of K1 and K2.

To guide policy learning, we define a reward function
r(s, a) ∈ R, which measures the effectiveness of the parameters
in improving sampling efficiency and reducing estimation bias.
A detailed design of this reward is provided in Section III-C.
The goal of the agent is to learn an optimal policy π∗ that
maximizes the expected accumulative discounted reward:

J (θ) = Eζ

"
TX

t=0

γtr (st, at)

#
,

π∗ = argmax
π

J (θ) , (23)

where ζ = {s0, a0, r0, s1, . . ., sT } is a trajectory generated by
policy π.

To solve this optimization, we adopt Proximal Policy Opti-
mization (PPO) algorithm [33]. The policy parameters are
updated iteratively using the policy gradient:

θk+1 = θk + lk∇θJ (θk) , (24)

where lk is the learning rate at the iteration episode k.
Policy gradient is estimated by:

∇θJ (θ) = Eζ∼πθ

"
TX

t=0

∇θ log πθ (at |st) At

#
, (25)

where At denotes the advantage function at timestep t, which
is closely related to the accumulated reward.

In the context of autonomous vehicle testing, BVs typically
exhibit safe and conservative driving behaviors. Only in rare
critical states do BVs induce challenging interactions with AV
under test. Consequently, most sampled trajectories yield zero
reward signals, making standard RL inefficient and unstable.
This phenomenon is known as the curse of rarity [4].

To address this challenge, dense reinforcement learning [11]
is employed to enhance the learning efficiency by improving
the density of critical states in dataset. Specifically, the Markov
chain generated during testing is edited by retaining only
the data corresponding to states whose risk level exceeds a
predefined threshold. This leads to a modified policy gradient:

∇θJ (θ) = Eζ∼πθ

"
TX

t=0

∇θ log πθ (at |st) AtI (st ∈ Sc)

#
, (26)

where Sc denotes the set of critical states, consistent with the
definition in Eq. (12), i.e., the set of states s with C(s) > 0.
Accordingly, I(st ∈ Sc) is an indicator function that equals 1
if st is a critical state, and 0 otherwise.

It is worth noting that the use of dense reinforcement
learning does not introduce policy training bias caused by
sample distribution shift. This is because both the training and
deployment of the policy are strictly restricted to the same
subset of the state space, namely the critical state set Sc.
Only in critical states are the sampling parameters adjusted
to perform adversarial sampling. Consequently, the policy πθ
is trained exclusively on trajectories filtered by the indicator
function I(st ∈ Sc), and it is also invoked only when the traffic
environment enters a critical state during testing. For non-
critical states s < Sc, the default sampling strategy is adopted
by setting K1 = K2 = K0 = 1. These states are excluded
from the policy gradient update and do not participate in
policy inference after training. As a result, the policy does
not generalize across heterogeneous state distributions, and
the sample distribution seen during training remains consistent
with that during deployment.

Also, the dense deep reinforcement learning approach has
been theoretically proven to produce unbiased gradient esti-
mates while significantly reducing the variance of the gradient
estimation [11]. In this paper, we adopt this framework for
parameter optimization.

B. Off-Policy Optimization of IIS Sampling Parameters

In this work, we adopt an off-policy reinforcement learning
framework to optimize the parameters (K1,K2) in implicit
importance sampling. Unlike on-policy methods that require
new data to be collected for each policy update, off-policy
methods enable learning from data generated by a fixed
behavior policy. This is especially beneficial in safety-critical
domains like autonomous driving, where failure cases (e.g.,
collisions) are rare and costly to sample.

Let π denote the target policy to be optimized, and πb

represent the behavior policy used to collect training data.
The samples generated under πb are stored in a replay buffer
and reused for training the target policy π. In our context, the
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output of π is the value pair (K̃1, K̃2), whose range is [0, 1].
Then we use the linear function to map K̃1 and K̃2 to K1
and K2, which controls the sampling distribution in the IIS
framework. Due to K1 ≥ 1 and K2 ≤ 1 is required, we use the
following mapping function:

K1 = K̃1 × Kmax
1 + 1,

K2 = 1 − K̃2 × (1 − Kmin
2 ), (27)

where Kmax
1 and Kmin

2 are the maximum value of K1 and the
minimum value of K2, respectively. The values of Kmax

1 and
Kmin

2 will be discussed in experimental section.
The input to the policy network π consists of the current

state (position, speed, and heading angle) of the autonomous
vehicle (AV) and a critical background vehicle (BV). Critical
BV is defined as a BV whose predicted trajectory indicates
potential collision risk with the AV. Leveraging dense deep
reinforcement learning, we only include critical states in the
training dataset, as description in section III-A, thus guaran-
teeing the input to π always incorporates a critical BV.

Correspondingly, we define qπ(x) and qπb (x) as the proposal
distributions induced by the target and behavior policies,
respectively. Their unnormalized forms, qπ,u(x) and qπb,u(x),
are as defined in Eq. (11). Based on these, the unnormalized
and normalized importance sampling weights are:

wπ,u(x) =
P(x)

qπ,u(x)
, wπb,u(x) =

P(x)
qπb,u(x)

,

wπ(x) =
P(x)
qπ(x)

, wπb (x) =
P(x)

qπb (x)
. (28)

Using the target policy π, the crash rate P(A) can be
estimated via IIS as defined in Eq. (14):

µ̂qπ,u =
1
n

nX
i=1

f (xi)
P (xi)

qπ,u (xi)

=
1
n

nX
i=1

f (xi) wπ,u (xi) , xi ∼ qπ,u (x) . (29)

Following Eq. (20) and Eq. (21), the lower and upper
bounds of P(A) are given by:

P(A) ≥ µ̂qπ,u,min − λ · std(µ̂qπ,u,min),
P(A) ≤ µ̂qπ,u,max + λ · std(µ̂qπ,u,max), (30)

where:

µ̂qπ,u,min
def
=

1
n

nX
i=1

f (x)wπ,u(xi)cπ,min(xi),

µ̂qπ,u,max
def
=

1
n

nX
i=1

f (x)wπ,u(xi)cπ,max(xi). (31)

Here cπ,min and cπ,max denote the lower and upper bounds of
the correction coefficient c(x) with policy π, as defined in
Eq. (17) (18) (19).

C. Reward Function Design

The design of the reward function is crucial for deep
reinforcement learning. In our formulation, each complete
testing scenario x corresponds to a full trajectory in the

Markov decision process. Instead of defining a timestep-wise
reward r(st, at), we adopt an episodic reward structure defined
over the entire trajectory:

rt =

(
r (x) , if t = T ,
0, otherwise.

(32)

Here T is the episode horizon. This design reflects the fact that
the effectiveness of a parameter setting can only be evaluated
after observing the full scenario.

The total reward is composed of two terms: one targeting the
reduction of variance in the estimator, and the other penalizing
estimation bias:

r (x) = rvar (x) + αrbias (x) , (33)

where α is a hyperparameter that balances the trade-off

between variance reduction and bias correction.
To reduce the variance of the IIS estimator, we define the

first term as:

rvar (x) = f (x) ·�
wπ,u (x) cπ,max (x) · wπ,ub (x) cπb,max (x)

+ wπb,u (x) cπ,min (x) · wπb,ub (x) cπb,min (x)
�
. (34)

This reward formulation is motivated by the goal of mini-
mizing the variance of the estimator. But wπ is unknown due to
the implicit nature of P (x) and qπ (x), and only unnormalized
weight wπ,u is available. Therefore, we rely on upper and lower
bounds of the variance to guide the learning:

σ2
π ≤ Eqπb

�
f (x) · wπ,u(x)cπ,max(x)

· wπb,u(x)cπb,max(x)
�
− µ2,

σ2
π ≥ Eqπb

�
f (x) · wπ,u(x)cπ,min(x)

· wπb,u(x)cπb,min(x)
�
− µ2. (35)

Here, µ denotes the theoretical estimate of the crash rate P(A).
The reward term rvar(x) in Eq. (34) approximates these bounds
and encourages the policy to minimize the estimation variance.
Detailed derivations are provided in Section III-D.

The second component penalizes deviation from unbiased
estimation. Since the correction coefficient c(x) should ideally
equal 1 to ensure unbiasedness, we define:

rbias (x) =
ˇ̌
cπ,min(x) − 1

ˇ̌
+
ˇ̌
cπ,max(x) − 1

ˇ̌
. (36)

This term penalizes both underestimation and overestimation
introduced by imperfect correction, driving the policy toward
configurations with minimal bias. We theoretically analyze in
Section III-D to show that this reward term rbias(x) helps to
minimize the bias of the estimator.

Together, two parts of the proposed reward function guide
the reinforcement learning process to optimize the policy
toward more efficient and reliable sampling in the context of
implicit importance sampling.

D. Theoretical Analysis

In this section, we provide a theoretical analysis of the
reward function proposed in Section III-C. Specifically, we
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analyze how it contributes to reducing estimation bias and
improving sampling efficiency through variance reduction.

First, the following theorem establishes the condition under
which the estimator becomes asymptotically unbiased:

Theorem 1: If cπ,min(x) → 1 and cπ,max(x) → 1 for all
x ∼ qu(x), then the estimator µ̂qπ,u becomes asymptotically
unbiased for estimating P(A).

Proof: Given cπ,min(x) → 1 and cπ,max(x) → 1, we have
cπ(x) → 1, and therefore 1

cπ(x) → 1. Recall that cπ(x) reflects
the discrepancy between the unnormalized proposal qπ,u(x) and
the normalized proposal qπ(x), such that qπ(x) =

qπ,u(x)
cπ(x) .

Substituting into Eq. (29):

µ̂qπ,u =
1
n

nX
i=1

f (xi)
P (xi)

qπ,u (xi)

=
1
n

nX
i=1

f (xi)
P (xi)
qπ (xi)

1
cπ(x)

→
1
n

nX
i=1

f (xi)
P (xi)
qπ (xi)

= µ̂qπ . (37)

Since µ̂qπ is an unbiased estimator of P(A), it follows that µ̂qπ,u
becomes asymptotically unbiased. �

Remark 1: Theorem 1 shows that estimation bias vanishes
when the correction factor cπ(x) approaches 1. This highlights
the importance of aligning the unnormalized proposal distri-
bution qπ,u with the true normalized distribution qπ. As such,
the bias term in the reward term (Eq. (36)) is designed to
penalize large deviations of cπ(x) from 1, thus encouraging
unbiasedness in the sampling process.

We now analyze the variance of µ̂qπ,u, which reflects the
testing efficiency. The following theorem provides bounds on
this variance:

Theorem 2: Under policies π and πb, the variance of
estimator µ̂qπ,u is bounded as:

σ2
π ≤ Eqπb

�
f (x) · wπ,u(x)cπ,max(x)

· wπb,u(x)cπb,max(x)
�
− µ2,

σ2
π ≥ Eqπb

�
f (x) · wπ,u(x)cπ,min(x)

· wπb,u(x)cπb,min(x)
�
− µ2. (38)

Proof: The variance of µ̂qπ,u is given by:

σ2
π = Eqπ

"�
f (x)P(x) − µqπ(x)

qπ(x)

�2
#

= Eqπ

"�
f (x)P(x)

qπ(x)
− µ

�2
#

= Eqπ

"�
f (x)P(x)

qπ(x)

�2
#
+ µ2 − 2µEqπ

�
f (x)P(x)

qπ(x)

�
= Eqπ

"�
f (x)P(x)

qπ(x)

�2
#
− µ2. (39)

Expanding the first term via importance sampling:

Eqπ

"�
f (x)P(x)

qπ(x)

�2
#

= EP

"�
f (x)P(x)

qπ(x)

�2 qπ(x)
P(x)

#

= Eqπb

�
f (x)

P(x)
qπ(x)

P(x)
qπb (x)

�
. (40)

Using unnormalized weights wπ,u,wπb,u, and correction
terms cπ, cπb , we get:

σ2
π = Eqπb

�
f (x)

P(x)
qπ(x)

P(x)
qπb (x)

�
− µ2

= Eqπb

�
f (x) ·

P(x)
cπqπ(x)

cπ(x) ·
P(x)

cπb qπb (x)
cπb (x)

�
− µ2

≤Eqπb

�
f (x) ·

P(x)
cπqπ(x)

cπ,max(x)

·
P(x)

cπb qπb (x)
cπb,max(x)

�
− µ2

= Eqπb

�
f (x) · wπ,u(x)cπ,max(x)

· wπb,u(x)cπb,max(x)
�
− µ2. (41)

By applying upper bounds cπ,max and cπb,max, we arrive at the
upper bound in Eq. (38). The lower bound follows similarly
by applying cπ,min and cπb,min. �

Remark 2: Theorem 2 confirms that the variance of the
IIS estimator is tightly related to both the sampling weights
and correction coefficients. The reward term (Eq. (34)) is
constructed to minimize the upper and lower bound of this
variance. Notably, the bounds are related to the correction
coefficients cπ(x) and cπb (x). Keeping these two values close
to 1 not only reduces bias (Theorem 1) but also contributes to
variance reduction, by controlling values not too large. This
dual effect further justifies our reward formulation.

In summary, the proposed reward function in Deep-IIS is
theoretically grounded. It effectively balances estimation bias
and variance, thereby ensuring reliable and efficient safety
evaluation through reinforcement learning–based sampling
policy optimization.

IV. EXPERIMENTAL STUDIES

In this section, we first present the overall experimental
setup in Section IV-A, including the experimental pipeline and
detailed descriptions of the two naturalistic driving environ-
ments (NDEs) used in our experiments.

Sections IV-B and IV-C present the experimental results
under two distinct NDE settings respectively.

A. Experimental Setting

To evaluate the effectiveness of our proposed method, we
applied it to two distinct naturalistic driving environment
(NDE) models. We denote these two testbeds as NDE-I
and NDE-II in this paper. The testing process consisted of
running large-scale simulations, during which test scenarios
were collectd and the crash rate was calculated.

The experiments we conducted consist of three main parts:
• We performed baseline experiments under the NDEs to

get the ground-truth crash rate.
• We performed baseline experiments using the IIS method,

where the parameters K1 and K2 were manually set based
on empirical knowledge. This stage provided the baseline
results of IIS and simultaneously collected training data
for our proposed method.
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Fig. 2. Overview of traffic scenarios in two NDEs from a bird’s-eye perspective.

• We performed experiments using our proposed Deep-IIS
method. The training data obtained from the previous
stage was used to train the policy π, which dynamically
adjusts the parameters K1 and K2.

Through these experiments, we aim to validate the following
two aspects:
• Our method can effectively accelerate safety testing by

improving testing efficiency compared to the IIS method.
• While achieving higher efficiency, our method maintains

nearly unbiased estimates of the ground-truth crash rate,
with controlled bias that ensures the reliability of the
results. Furthermore, it reduces the bias range compared
to the IIS method, demonstrating a better balance between
efficiency and accuracy.

The NDEs were constructed from real-world driving
datasets, so the evaluation outcomes closely reflect practical
traffic situations. Then we provide detailed introductions to the
two NDE models respectively.

NDE-I is constructed based on a discrete distribution P (u|s),
which is derived from the real-world driving dataset. The
modeling process begins by analyzing a naturalistic driving
dataset, in which both vehicle states and actions are discrete
into state-action pairs. Using statistical analysis, the empirical
probabilities of these state-action pairs are derived to estimate
the conditional distribution.

At each time step k, the joint action distribution is modeled
as:

P (u (k) |s (k)) =

NY
i=1

P (ui (k) |s (k)) , (42)

where N is the total number of vehicles.
To reduce modeling complexity, the distribution is further

simplified by assuming spatial independence among vehicles:

P (u (k) |s (k)) =

NY
i=1

P
�
ui (k) |sNi (k)

�
, (43)

where sNi (k) denotes the local state information relevant to
the i-th vehicle. The conditional probability P

�
ui (k) |sNi (k)

�
is

then computed from the empirical frequency of corresponding
state-action pairs in the dataset.

Although the discrete distribution P (u|s) is explicit for
NDE-I, we treat it as an implicit distribution for the purpose
of validating our method. All simulations in NDE-I were
conducted on a two-lane highway, as shown in Figure 2a.
The red vehicle denotes the tested AV and the yellow vehicles
represent BVs.

Based on the modeling approach from previous work D2RL
[11], the experimental scenario features the lane width of
4 meters and a total length of 1200 meters. The AV is ini-
tialized at the 400-meter position, with the remaining sections
of the road fully populated by BVs. For the initialization of
BVs, a data-driven method is adopted, leveraging naturalistic
driving data (NDD) to derive empirical distributions of vehicle
speeds and following distances. Specifically, we utilize the
distribution modeling results from D2RL: initial speeds of
vehicles are sampled within the range of 20–40 m/s, and fol-
lowing distances are sampled from the range of 16–170 meters.
Specific values are determined by random sampling from the
constructed distributions. Detailed information regarding the
distribution modeling process and data sources can be found
in the referenced work [11].

Each simulation episode ended either when the AV reached
the 800-meter mark or when a collision involving the AV
occurred. The AV under test follows the Intelligent Driver
Model (IDM) [34] for longitudinal control and the Minimizing
Overall Braking Induced by Lane Changes (MOBIL) model
[35] for lane-changing behavior.

NDE-II model is built using a neural network trained
on naturalistic driving data. It consists of a transformer-
based backbone network and a safety-layer that integrates
learned predictions with rule-based adjustments. The back-
bone model FM calculates the predicted trajectory over
the next five time steps, with each step representing
0.4 seconds.

The safety-layer is designed to ensure the statistical consis-
tency of the accident rate with naturalistic driving dataset. If
a collision is predicted in the next time step, a conflict critic
module FC is triggered to judge whether the collision would
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Fig. 3. Evaluation results for NDE-I using Deep-IIS, compared with IIS under (K1 = 100,K2 = 0.99) and (K1 = 500,K2 = 0.99). Subfigures 3a and 3d
show the estimated crash rates and their corresponding bounds, where solid lines denote the crash rates, and shaded regions indicate the estimation bounds.
Subfigures 3b and 3e show RHW curves. Subfigures 3c and 3f show frequency distribution of bootstrapped required number of tests.

Fig. 4. Evolution of the reward function during Deep-IIS training for NDE-I.

actually occur. If the collision is deemed avoidable, the safety-
layer adjusts the predicted trajectory to prevent it.

Due to the combination of neural network and rule-based
filtering, the distribution P (u|s) is implicit for NDE-II. As
a result, only sample-based evaluations can be conducted,
making conditional importance sampling-based testing method
[11] invalid. Consequently, only implicit importance sampling
(IIS) is applicable for estimating the crash rate.

All experiments in NDE-II were conducted within a round-
about environment as shown in Figure 2b. The red vehicle
denotes the tested AV and the yellow vehicles represent BVs.
The roundabout has two lanes, and each lane in the roundabout
has a width of approximately 4.5 meters. The inner edge radius
of the roundabout is 16 meters, while the outer edge radius
is 25 meters. There are four exits and four entrances to the
roundabout, with each entrance having two lanes and each exit
having one lane. The traffic flow entering each entrance lane
is set to 200 vehicles per hour. These settings are based on
previous work [6].

Each simulation episode ran for up to 36 seconds and
terminated either when the AV exited the roundabout or when
a collision involving the AV occurred. The AV’s motion is
controlled using vehicle trajectories sampled from the NDE
model.

B. Results Analysis for NDE-I

We first conducted large-scale Monte Carlo simulations in
NDE-I to estimate the ground-truth crash rate. A total of
2.3 × 108 test episodes were simulated, and the estimated
ground-truth crash rate was 1.580× 10−7.

Following the IIS method, we conducted experiments
using two sets of parameters, (K1 = 100,K2 = 0.99)
and (K1 = 500,K2 = 0.99). According to equation (19),
both parameter settings result in correction coefficients cik
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TABLE I
COMPARISON OF IIS AND DEEP-IIS FOR NDE-I

close to 1, ensuring the estimation bias remains within a
controllable range. With the range of H1 having been deter-
mined as

�
1× 10−7, 5× 10−5

�
, the values of (min cik,max cik)

were approximately (0.9900, 0.9950) for K1 = 100 and
(0.9900, 1.0150) for K1 = 500. To validate these settings, we
ran 4× 106 test episodes using the IIS method.

The minimum number of test episodes required to reach a
precision threshold (RHW= 0.3) was computed. Under NDE
testing, approximately 2.03 × 108 episodes were required to
reach RHW= 0.3. As shown in Figure 3, this number was
significantly reduced to 2.35 × 106 using IIS with K1 = 100,
corresponding to an 87× speed-up. When K1 = 500, the
required number of episodes dropped further to 4.32 × 105,
yielding a 470× speed-up. However, the case with K1 = 100
achieved more accurate estimation, with an estimation value of
1.525×10−7, while the ground-truth was 1.580×10−7. And the
case with K1 = 500 had an estimation value of 1.812× 10−7,
which was further to the ground-truth. This reflects a funda-
mental trade-off in the IIS method, where a larger K1 improves
efficiency but potentially increases estimation bias.

We then used the data generated under (K1 = 100,
K2 = 0.99) as the behavior policy πb to train a Deep-IIS
policy π. The reward function was balanced by hyperparameter
α = 5×10−5 and normalized to range [−100, 100]. The values
of Kmax

1 and Kmin
2 were set to 5000 and 0.8, respectively.

To monitor the training progress, we tracked the evolution of
the reward function over 200 training episodes. As shown in
Figure 4, the solid curve depicts the mean reward averaged
over 3 independent random seeds, and the shaded region
around it denotes the corresponding standard deviation. The
mean reward increases steadily over training, indicating the
convergence of the policy after approximately 200 episodes.

Using the trained Deep-IIS policy, we performed 4 × 106

test episodes. The results are summarized in Figure 3. The
estimated crash rate with Deep-IIS was 1.546× 10−7, closely
matching the ground-truth. It achieved a speed-up of 1005×,
outperforming both IIS configurations. Some numerical com-
parisons are presented in table I, including estimated crash
rate (CR), bias relative to the ground-truth (Bias), estimated
bound (Bound), and acceleration factor (speed-up). Compared
to IIS with K1 = 100, Deep-IIS increased the bound by only
0.001×10−7, while improving speed-up by 11.69×. Compared
to the K1 = 500 case, Deep-IIS achieved both lower bias and
narrower bound, along with a 2.14× improvement in speed-up.
These comparisons further demonstrate that Deep-IIS offers
a better balance between estimation accuracy and testing
efficiency, outperforming IIS method in both dimensions.

The estimated crash rate with Deep-IIS was 1.546 × 10−7,
closely matching the ground-truth. It achieved a speed-up of

Fig. 5. Histogram of the distributions of K1 and K2 values output by the
Deep-IIS policy for NDE-I.

TABLE II
DEVIATIONS OF THE ESTIMATED CRASH RATE BOUNDS FROM THE

GROUND-TRUTH CRASH RATE FOR NDE-I WITH
DIFFERENT α VALUES

TABLE III
COMPARISON OF IIS AND DEEP-IIS FOR NDE-II

1005×, outperforming both IIS configurations. Some numeri-
cal comparisons are presented in Table I, including estimated
crash rate (CR), bias relative to the ground-truth (Bias),
estimated bound (Bound), and acceleration factor (speed-up).

Compared to IIS with K1 = 100, Deep-IIS increased
the bound by only 0.001 × 10−7, while improving speed-
up by 11.69×. Compared to the K1 = 500 case, Deep-IIS
achieved both lower bias and narrower bound, along with a
2.14× improvement in speed-up. These comparisons further
demonstrate that Deep-IIS offers a better balance between
estimation accuracy and testing efficiency, outperforming IIS
method in both dimensions.

We also plot the histogram of the distributions of K1
and K2 values, as shown in fig 5. The distribution reveals
a concentration around values near 1, which indicates that
the trained agent focuses more on critical states, leading to
adjustments in the distribution occurring within a smaller
range. This helps to reduce the variance induced by importance
sampling and the bias caused by unnormalized distribution
adjustments. Meanwhile, when K1 increases, K2 tends to
decrease, counteracting the bias introduced by a larger K1
value. This behavior illustrates how the model adapts to
minimize testing errors while optimizing efficiency.
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Moreover, the weighting coefficient α in the reward function
is selected empirically based on experimental evaluation. Due
to the high computational cost of repeated reinforcement
learning training, we evaluate a limited set of candidate values
of α and choose one according to the quality of crash-rate
estimation bounds. Specifically, we adopt the deviation of the
estimated crash-rate bounds from the ground-truth crash rate
as the primary evaluation metric:

R =
|µ̂qπ,u,max − µ̂qπ,u,min|

µ̂P
,

Rmax = max
�
|µ̂qπ,u,max − µ̂P|

µ̂P
,
|µ̂qπ,u,min − µ̂P|

µ̂P

�
. (44)

The estimation bounds jointly reflect both the estimation bias
and variance introduced by the sampling process. The smaller
the deviation, the better the estimation quality. Therefore,
these bounds provide a balanced and informative criterion
for assessing the overall quality of the testing results. We
summarize the experimental results for different α values in
table II.

The reported results demonstrate that the selected α values
5 × 10−5 achieve a favorable balance between estimation
accuracy and testing efficiency, leading to relatively tight
bounds. With a smaller α value, the RL agent prefers to
reduce the variance, but ignore the biases introduced by the
unnormalized distribution adjustments. In contrast, a larger α
value also results in a wider bound, as the agent focuses less
on reducing the variance.

C. Results Analysis for NDE-II

We conducted the same set of experiments in the NDE-II
environment. To obtain the ground-truth crash rate, we simu-
lated 1.3 × 107 test episodes, resulting in an estimated crash
rate of 7.507× 10−6.

We applied (K1 = 50,K2 = 0.99) and (K1 = 100,K2 =

0.99), yielding correction coefficients cik with values close to
1, ensuring the bias remains bounded. With the range of H1
having been determined as

�
4.5× 10−5, 5× 10−3

�
, the values

of (min cik,max cik) were approximately (0.992205, 1.137) for
K1 = 50 and (0.994455, 1.287) for K1 = 100. To validate the
estimates, 4×106 test episodes were simulated for each setting.

Under NDE testing, approximately 4.26×106 episodes were
required to achieve the precision threshold of RHW = 0.3. As
shown in Figure 6, this number was reduced to 8.61×104 using
IIS with K1 = 50, corresponding to an 49× speed-up. When
K1 = 100, the required number of episodes dropped further to
5.10× 104, yielding a 83× speed-up. As with NDE-I, the IIS
method exhibited a trade-off between efficiency and estimation
accuracy. The case with K1 = 50 provided a more accurate
estimation of 7.181 × 10−6, which is closer to the ground-
truth. And the case with K1 = 100 had an estimation value
of 6.097 × 10−7, which was further to the ground-truth. This
again reflects the fundamental trade-off: larger K1 enhances
efficiency at the potential cost of increased bias.

A Deep-IIS policy was then trained using the dataset
generated with (K1 = 50,K2 = 0.99). The values of Kmax

1 and
Kmin

2 were set to 100 and 0.8, respectively. We note that the

TABLE IV

DEVIATIONS OF THE ESTIMATED CRASH RATE BOUNDS FROM THE
GROUND-TRUTH CRASH RATE FOR NDE-II WITH

DIFFERENT α VALUES

parameter settings differ between the two experimental setups.
These parameters are selected empirically and subsequently
validated through experiments. When configuring the param-
eters, a larger value of Kmax

1 can increase the upper bound of
testing efficiency, but it may also introduce larger estimation
bias. For NDE-I, the crash rate is lower and the rarity of
safety-critical events is more pronounced; therefore, a larger
Kmax

1 can be adopted to improve the sampling efficiency of
rare events. In contrast, for NDE-II, the rarity of such events
is less significant. Setting an excessively large Kmax

1 in this
case may lead to an overly large unnormalized coefficient of
the sampling distribution, resulting in increased sampling bias.
The primary role of K2 is to compensate for the sampling bias
introduced by K1. We set Kmin

2 = 0.8; however, experimental
results show that the learned values of K2 are consistently
greater than 0.9.

The reward function was balanced by α = 0.02 and
normalized to the range [−100, 100].

To monitor the training progress, we tracked the evolution
of the reward function over 200 training episodes. Figure 7
further corroborates our results: the mean reward (3 ran-
dom seeds) increases steadily, with the standard deviation
shaded area indicating low performance fluctuation, and the
policy achieves stable convergence around the 200-episode
threshold.

Using the learned policy, 2 × 106 episodes were tested,
yielding an estimated crash rate of 7.081×10−6 and achieving
a speed-up of 108×.

As shown in Figure 6 and table III, Deep-IIS again demon-
strated improved balance between estimation accuracy and
testing efficiency. Compared to IIS with K1 = 50, Deep-IIS
achieved similar bias and bound, while improving efficiency
by 2.20×. Compared to IIS with K1 = 100, it substantially
reduced both the bias and bound, while still achieving a 1.30×
gain in speed-up.

The histogram of the distributions of K1 and K2 values
is shown in fig 8. As similar to NDE-I, some K1 and K2
values are near 1, limiting the extent and range of distribution
adjustments. This indicates that the agent focuses more on
critical states, leading to a more efficient sampling process
while maintaining a balance between bias reduction and
variance control. When K1 increases, K2 tends to decrease,
counteracting the bias introduced by a larger K1 value.

These findings are consistent with the results observed in
NDE-I, further validating the effectiveness of the proposed
Deep-IIS approach.

Moreover, the selection of weighting coefficient α in the
reward function is as same as which was discussed in NDE I.
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Fig. 6. Evaluation results for NDE-II using Deep-IIS, compared with IIS under (K1 = 50,K2 = 0.99) and (K1 = 100,K2 = 0.99). Subfigures 6a and 6d
show the estimated crash rates and their corresponding bounds, where solid lines denote the crash rates, and shaded regions indicate the estimation bounds.
Subfigures 6b and 6e show RHW curves. Subfigures 6c and 6f show frequency distribution of bootstrapped required number of tests.

Fig. 7. Evolution of the reward function during Deep-IIS training for NDE-II.

The experimental results for different α values is in table IV.
The reported results demonstrate that the selected α val-
ues 0.02 achieve a favorable balance between estimation
accuracy and testing efficiency, leading to relatively tight
bounds.

We note the significant difference in α between NDE-I
and NDE-II arises from the distinct rarity characteristics of
safety-critical events in the two environments. In NDE-I, crash

Fig. 8. Histogram of the distributions of K1 and K2 values output by the
Deep-IIS policy for NDE-II.

events are rarer, and larger values of K1 are encouraged
to improve sampling efficiency, which reduces the relative
contribution of the variance-related term in the reward. In
contrast, NDE-II exhibits less pronounced rarity of critical
events, leading to relatively smaller learned values of K1.
As a result, the variance-related component in the reward
becomes more dominant, and a larger α is required to
properly balance the variance and bias terms in the reward
function.
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V. CONCLUSION

This paper presents Deep-IIS, a deep reinforcement
learning–enhanced framework for accelerating autonomous
vehicle testing under implicit traffic behavior distributions.
Deep-IIS constructs an unnormalized proposal distribution via
rejection sampling and models its key sampling parameters
as a state-dependent policy network. This enables adaptive
adjustment of the proposal distribution based on observed traf-
fic states, eliminating manual parameter tuning and improving
robustness across scenarios. Experiments on two representative
naturalistic driving environment (NDE) models demonstrate
that Deep-IIS achieves superior sampling efficiency and esti-
mation reliability compared with baseline IIS methods.

Nevertheless, the current evaluation is limited to rel-
atively small-scale traffic environments. Future work will
extend Deep-IIS to larger, more complex traffic environments,
integrate richer NDE models.
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